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Abstract
We consider the problem of removal of ordering ambiguity in position dependent mass quantum
systems characterized by a generalized position dependent mass Hamiltonian which generalizes a
number of Hermitian as well as non-Hermitian ordered forms of the Hamiltonian. We implement
point canonical transformation method to map one-dimensional time-independent position depen-
dent mass Schro¨dinger equation endowed with potentials onto constant mass counterparts which
are considered to be exactly solvable. We observe that a class of mass functions and the corre-
sponding potentials give rise to solutions that do not depend on any particular ordering, leading
to the removal of ambiguity in it. In this case, it is imperative that the ordering is Hermitian.
For non-Hermitian ordering we show that the class of systems can also be exactly solvable and
are also shown to be iso-spectral using suitable similarity transformations. We also discuss the
normalization of the eigenfunctions obtained from both Hermitian and non-Hermitian orderings.
We illustrate the technique with the quadratic Lie´nard type nonlinear oscillators, which admit
position dependent mass Hamiltonians.
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I. INTRODUCTION
Position-dependent mass (PDM) quantum systems, which especially find valuable appli-
cations in condensed matter physics1, require ordering between momentum and mass oper-
ators in the kinetic energy term and also require appropriate modification in the boundary
conditions since some mass functions are not continuous2. The ordering may be Hermitian
or non-Hermitian since non-Hermiticity in certain situations can also allow the possibility
of getting real energy eigenvalues3,4. Weyl ordering5,6, von Roos ordering7, Li and Kuhn
ordering8 and Zhu and Kroemer ordering9 are some specific procedures that correspond to
the Hermitian construction of the associated quantum Hamiltonian. Hence different order-
ings may add different terms to the potential of the system and the resultant potentials
are generally known as effective potentials. This causes certain ambiguity in the usage of
ordering in a particular situation. The ordering problem has attracted many researchers to
search for the best possible choices of kinetic energy operators for quantum systems with
position-dependent effective mass forms. The von Roos ordering has been considered to
be the most general one. Recently, it has been proved that the von Roos ordering is not
the most general one by Trabelsi et al10 who proposed a general formulation of the kinetic
energy operator with PDM under which von Roos ordering comes as one of the possibilities.
They have also presented a complete classification of the operator.
Many exactly solvable quantum systems with mass depending on the position have
emerged while studying the quantum dynamics of certain classical nonlinear oscillators.
Most of such nonlinear oscillators belong to the quadratic Lie´nard type nonlinear oscil-
lators, for example Mathews-Lakshmanan (ML) oscillator12 and its generalizations13 and
extensions14,15. Other classes of nonlinear oscillators have also been studied in the context
of PDM problem16–18.
The time-independent generalized Schro¨dinger equation corresponding to the PDM quan-
tum systems may also be solved by implementing the methods applied to the Schro¨dinger
equation corresponding to the constant mass systems. Point canonical transformation
method, which relates the PDM and constant mass systems, is a widely used method in
this direction19.
An important goal in the study of the quantum dynamics of PDM problem is to overcome
the ambiguity problem in ordering, that is to identify effective potentials resulting from all
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possible choices of ordering which unambiguously possess the same solutions. In the present
work, we consider a generalized 2N -parameter kinetic energy operator which unifies all
types of Hermitian and non-Hermitian orderings and investigate the effect of ambiguity in
the dynamics of systems endowed with one-dimensional potentials. The associated Hamilto-
nian of the generalized kinetic energy operator which is as such non-Hermitian can become
Hermitian on either applying a specific condition on the ordering parameters or through a
similarity transformation. In this work, we start our analysis with the generalized Hermitian
Hamiltonian. Since point canonical transformation (PCT) maps the constant mass problem
onto the PDM problem, we can employ the reciprocal PCT to the Schro¨dinger equation of
the generalized PDM Hermitian Hamiltonian to obtain a constant-mass Schro¨dinger equa-
tion giving rise to the same energy spectrum. The constant mass Schro¨dinger equation will
then be obtained in a new coordinate variable and can be considered to be associated with
an exactly solvable potential. It is now simple to derive the PDM Schro¨dinger equation
wavefunctions from the knowledge of the constant-mass ones. We identify two possible ways
in which the mapping from a generalized variable mass Schro¨dinger equation to constant
mass Schro¨dinger equation can be made: (i) keep the mass function arbitrary, but fix the
ordering parameters, or (ii) allow the ordering parameters to take arbitrary values but fix
the mass function.
We begin with the choice where the mass is an arbitrary function. Here the generality of
the Hermitian Hamiltonian is lost and it gets reduced to a particular form. In the literature
this case is studied using von Roos ordering for different exactly solvable potentials such as
the linear harmonic oscillator20, the generalized isotonic oscillator21 and other generalized
potentials17,18 admitting exceptional orthogonal polynomials. In the case of the second
choice, where the ordering parameters are arbitrary, the mass function takes a particular
class of forms. The class of allowed mass functions in this case is derived explicitly. The
PDM systems associated with the class of mass functions admit eigenfunctions which are free
from ordering parameters. It is worth mentioning that the ordering ambiguity is removed in
the study of PDM systems when they associate with a class of mass functions and subjected
to Hermitian ordering.
Since the non-Hermitian ordered Hamiltonian can be related with its Hermitian coun-
terpart through a similarity transformation, we can obtain the solutions of the associated
Schro¨dinger equation of the non-Hermitian Hamiltonian from that of Hermitian Hamilto-
3
nian. In case of the non-Hermitian ordering, we also consider both the choices, that is (i)
mass is arbitrary and (ii) the ordering parameters are arbitrary. In the first choice, that is
the mass is arbitrary, the 2N -parameter PDM non-Hermitian Hamiltonian reduces to one
parameter Hamiltonian which admits eigenfunctions including the ordering parameter. For
the second choice, the 2N ordering parameters are arbitrary and the mass function is fixed.
Hence, the 2N -parameter PDM systems associated with the class of mass functions admit
eigenfunctions which also include the ordering parameters and so the ambiguity in ordering
is present. However, in both Hermitian and non-Hermitian orderings the energy spectrum
remains the same. So it is possible to obtain a mixed class of isospectral Hamiltonians, that
is a mixed class of Hermitian and non-Hermitian Hamiltonians admitting the same energy
spectrum. The general study is illustrated with the quantum versions of two specific forms
of quadratic Lie´nard type nonlinear oscillators discussed in Ref.22.
The plan of the paper is as follows. In the following section, we discuss about the newly
proposed general form of PDM kinetic energy operator and its classification and the problem
of ordering ambiguity therein. In Sec. III, we study the quantum solvability of Hermitian
Hamiltonian systems associated with position dependent mass potentials using PCT and
isolate specific classes of potentials for which the ordering problem can be removed. In
Sec. IV, we extend our study to non-Hermitian Hamiltonian systems. Next, in Sec. V, we
illustrate the proposed method with the quadratic Lie´nard type nonlinear oscillators whose
Hamiltonians are position-dependent mass ones. Finally in section VI, we summarize our
results.
II. ORDERING AMBIGUITY
In the literature, the kinetic energy operator Tˆ , which consists of position-dependent
mass m(x) and momentum pˆ, is expressed in numerous ways in different situations10,11. We
point out a few:
(i) Ben Daniel and Duke (BDD) proposed a form23, Tˆ =
1
2
pˆ
1
m
pˆ,
(ii) Gora and Williams (GW)’s proposal24 is Tˆ =
1
4
[
1
m
pˆ2 + pˆ2
1
m
]
,
(iii) Zhu and Kroemer’s (ZK) way of ordering9 of Tˆ =
1
2
[
1√
m
pˆ2
1√
m
]
,
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(iv) Weyl ordered form of kinetic energy operator6 is Tˆ =
1
6
[
1
m
pˆ2 + pˆ
1
m
pˆ+ pˆ2
1
m
]
,
(v) von Roos proposed a two-parameter general ordering7 as
Tˆ =
1
4
[
mαpˆmβ pˆmγ +mγ pˆmβ pˆmα
]
, where α + β + γ = −1,
(vi) Li and Kuhn (LK) ordering and Morrow and Brownstein (MB) ordering are special
cases of von Roos’s ordering8,25,
(vii) a more general form than von Roos’s symmetric ordering by taking into account
of Weyl ordering, Tˆ =
1
4(a+ 1)
[
a
(
1
m
pˆ2 + pˆ2
1
m
)
+mαpˆmβ pˆmγ +mγ pˆmβ pˆmα
]
, was
proposed in26. Here, the arbitrary parameter a can be tuned to generate different
orderings, including Weyl ordering.
All these orderings are Hermitian.
A. General form of kinetic energy operator
An even more general form of kinetic energy operator than the forms available in the
literature has been recently introduced by allowing many number of possible mixtures of the
fundamental term, mαpˆmβpˆmγ , where pˆ is the three dimensional momentum operator. It
reads as10
Tˆ =
1
2
N∑
i=1
wim
αipˆmβipˆmγi , (1)
where N is an arbitrary positive integer, and the ordering parameters should satisfy the
constraint αi + βi+ γi = −1, i = 1, 2, 3, ...N and wi’s are real weights which are summed to
be 1. The above form globally connects all the Hermitian orderings (see items (i)-(vii) men-
tioned above) and also provides a complete classification of Hermitian and non-Hermitian
orderings10. The operator Tˆ in (1) possesses 2N free ordering parameters.
The operator (1) is not Hermitian in general and can be re-expressed as
Tˆ =
1
2
pˆ
1
m
pˆ+ (γ¯ − α¯) i~
2
∇
(
1
m
)
.pˆ+
~
2
2
[
γ¯∇2
(
1
m
)
+ αγ
(
∇
1
m
)2
m
]
, (2)
where ~ is Planck’s constant and X¯ = (α¯, β¯, γ¯) denotes the weighted mean value,
X¯ =
N∑
i=1
wiXi and −β¯ = 1 + α¯ + γ¯. Note that αγ =
N∑
i=1
wiαiγi. The corresponding Hamil-
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tonian for a potential V can be written as
Hˆnon = Tˆ+ V
=
1
2
pˆ
1
m
pˆ+ (γ¯ − α¯) i~
2
∇
(
1
m
)
.pˆ+
~
2
2
[
γ¯∇2
(
1
m
)
+ αγ
(
∇
1
m
)2
m
]
+ V. (3)
One can also rewrite the above Hamiltonian as
Hˆnon =
1
2
pˆ
1
m
pˆ+ (γ¯ − α¯) i~
2
∇
(
1
m
)
.pˆ+ Veff , (4)
where
Veff =
~
2
2
[
γ¯∇2
(
1
m
)
+ αγ
(
∇
1
m
)2
m
]
+ V, (5)
is known as effective potential. In Eqs. (3) and (4), the subscript non in Hˆnon implies that
the Hamiltonian is non-Hermitian.
B. Hermitian ordering
The term proportional to ∇
(
1
m
)
.pˆ is responsible for the Hamiltonian (3) or (4) being
non-Hermitian. Hence, the removal of this term makes the operator Hˆnon to be Hermitian.
It can be achieved by applying either
(i) a condition α¯ = γ¯, or
(ii) when α¯ 6= γ¯, a similarity transformation which relates the non-Hermitian Hamiltonian
(Hˆnon) to its Hermitian counterpart (Hˆher).
1. Method (i) α¯ = γ¯
On applying the condition, α¯ = γ¯, the coefficient of the term ∇
(
1
m
)
.pˆ in (3) vanishes
which results in the Hermitian Hamiltonian (Hˆher) as
Hˆher =
1
2
pˆ
1
m
pˆ+
~
2
2
[
γ¯∇2
(
1
m
)
+ αγ
(
∇
1
m
)2
m
]
+ V
=
1
2
pˆ
1
m
pˆ+ Veff . (6)
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Here the number of ordering parameters appearing in Hˆnon is reduced to (2N−1) parameters
due to the condition α¯ = γ¯.
To illustrate the above, in the following we derive the von Roos ordering which is Her-
mitian. Considering N = 2, w1 = w2 =
1
2
in expression (1) and also implementing the
Hermiticity condition, α¯ = γ¯, gives α1 + α2 = γ1 + γ2. We also have the additional con-
ditions α1 + β1 + γ1 = −1, and α2 + β2 + γ2 = −1. One of the possible solutions of these
conditions is α1 = γ2, α2 = γ1 and β1 = β2, leading to von Roos ordering of (1) as
Tˆ =
1
4
[
mα1pˆmβ1pˆmγ1 +mγ1pˆmβ1pˆmα1
]
. (7)
The corresponding Hamiltonian from (6) can be expressed as
Hˆher =
1
2
pˆ
1
m
pˆ+
~
2
2
[(
α1 + γ1
2
)
∇
2
(
1
m
)
+ α1γ1
(
∇
1
m
)2
m
]
+ V. (8)
It also shows that the von Roos ordering is not the most general form10.
2. Method (ii) Similarity transformation
The non-Hermitian Hamiltonian Hˆnon given by (4) can be related to the Hermitian Hamil-
tonian Hˆher by performing the transformation
Hˆher = m
ηHˆnonm
−η, (9)
which yields
mηHˆnonm
−η =
1
2
pˆ
1
m
pˆ+ (γ¯ − α¯− 2η) i~
2
∇
(
1
m
)
.pˆ+
~
2
2
[
(γ¯ − η)∇2
(
1
m
)
+(αγ − η(η − γ¯ + α¯))
(
∇
1
m
)2
m
]
+ V. (10)
The above form becomes Hermitian if 2η = γ¯ − α¯ and so that we have
Hˆher =
1
2
pˆ
1
m
pˆ+
~
2
2
[(
α¯ + γ¯
2
)
∇
2
(
1
m
)
+
(
αγ +
1
4
(γ¯ − α¯)2
)(
∇
1
m
)2
m
]
+ V, (11)
where now the effective potential takes the form
Veff = V +
~
2
2
[(
α¯ + γ¯
2
)
∇
2
(
1
m
)
+
(
αγ +
1
4
(γ¯ − α¯)2
)(
∇
1
m
)2
m
]
. (12)
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Note that the number of ordering parameters present in Hˆnon can be preserved in the
transformed Hermitian Hamiltonian, Hˆher, obtained in (11) since α¯ 6= γ¯. On substituting
α¯ = γ¯ in (11) we can obtain the form (6). Hence the Hamiltonian (11) can be considered
to be a general Hermitian ordered form of Hamiltonian (3) or (4) and so, in this work,
we consider this Hermitian ordered form of the Hamiltonian (11) to study the quantum
sovability of PDM potentials.
To illustrate the transformation from non-Hermitian Hamiltonian to Hermitian Hamil-
tonian, we consider a simple form of kinetic energy operator Tˆ given in (1) by considering
N = 1 and so w1 = 1, namely
Tˆ =
1
2
mα1 pˆmβ1pˆmγ1 , (13)
whose corresponding Hamiltonian is,
Hˆnon =
1
2
mα1 pˆmβ1pˆmγ1 + V, α1 6= γ1. (14)
This non-Hermitian Hamiltonian can be transformed to Hermitian Hamiltonian through the
similarity transformation (9), that is
Hˆher = m
ηHˆnonm
−η =
1
2
m(α1+γ1)/2pˆmβ1pˆm(α1+γ1)/2 + V, (15)
where η = γ1−α1
2
.
The main motivation of the present work is to suggest a straightforward method of
removal of ordering ambiguity in the PDM problem. We restrict our attention to one-
dimensional potentials only due to their simplicity and enormous applications. In the liter-
ature, the problem has been studied for certain exactly solvable one-dimensional potentials
with the help of supersymmetric quantum mechanics within the framework of von Roos
ordering27. We implement the PCT technique and will obtain explicit forms for a class
of one-dimensional exactly solvable potentials which are free from ordering ambiguity. To
make the study more general than the available works in the literature, we consider the
one-dimensional version of the kinetic energy operator ordered as in (2) since at present it
is considered to be the most general form.
We consider both the non-Hermitian and Hermitian ordered forms of position dependent
mass Hamiltonian and study their solvability using the PCT method. In the following
section, we consider the Hermitian Hamiltonian of the form (11). We take up the case of
non-Hermitian ordered Hamiltonian (3) in the succeeding section 4.
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III. QUANTUM SOLVABILITY OF HERMITIAN HAMILTONIAN
We consider the one-dimensional version of Hermitian Hamiltonian (11) for a potential
V (x),
Hˆher =
1
2
pˆ
1
m
pˆ+
~
2
2
[(
α¯ + γ¯
2
)
d2
dx2
(
1
m
)
+
(
αγ +
1
4
(γ¯ − α¯)2
)(
d
dx
(
1
m
))2
m
]
+V (x). (16)
Since [xˆ, pˆ] = i~, we assume the coordinate representation pˆ = −i~ d
dx
.
We approach the non-ambiguity problem with the aim of obtaining the solutions for the
system (16) which are independent of the ordering parameters (αi, βi, γi). We start with the
time-independent Schro¨dinger equation for the Hamiltonian (16),
ψ′′ − m
′
m
ψ′ +
((
α¯ + γ¯
2
)
m′′
m
−
(
αγ + γ¯ + α¯+
1
4
(γ¯ − α¯)2
)
m′2
m2
)
ψ
+
2m
~2
(E − V (x))ψ = 0, (17)
where ′ =
d
dx
.
To solve Eq. (17), we now use the point canonical transformation (PCT)20,28, that is
change the independent variable x in (17) to a new variable g, defined by the relation
x = F (g), and introduce the transformation,
ψ(x) = md(x)φ[g(x)], (18)
where d is an arbitrary parameter. Defining V (x) = V (F (g)) ≡ U(g), Eq. (17) can be
rewritten as
d2φ
dg2
+
[(
2d− 1
g′
)
m′
m
+
g′′
g′2
]
dφ
dg
+
[(
d+
α¯ + γ¯
2
)
1
g′2
m′′
m
+
m′2
m2
(d(d− 2)− α¯− γ¯ − αγ − (γ¯ − α¯)2/4)
g′2
+
2m
g′2~2
(E − U(g))
]
φ = 0. (19)
Our strategy now is to deduce a constant mass Schro¨dinger equation from (19) in the new
coordinate variable g corresponding to the potential U(g) with the same energy eigenvalue
E of the PDM system (17). It can be achieved by choosing
g =
∫ x√
m(x′) dx′, (20)
9
and expressing all the terms inside the square brackets in (19) uniquely in terms of g and
its derivatives with respect to x as follows,
d2φ
dg2
+ (4d− 1) g
′′
g′2
dφ
dg
+
[
(2d+ α¯ + γ¯)
g′′′
g′3
+
(
4d
(
d− 3
2
)
− 3α¯− 3γ¯ − 4αγ
−(γ¯ − α¯)2) g′′2
g′4
+
2
~2
(E − U(g))
]
φ = 0. (21)
Then one can easily remove the term corresponding to the first derivative of φ(g) in the
resultant equation by choosing d = 1
4
. Consequently (21) reduces to
d2φ
dg2
+
[(
α¯ + γ¯ +
1
2
)
g′′′
g′3
−
(
α¯2 + γ¯2 − 2α¯γ¯ + 3α¯ + 3γ¯ + 4αγ + 5
4
)
g′′2
g′4
+
2
~2
(E − U)
]
φ = 0.
(22)
To deduce the constant mass Schro¨dinger equation from (22) without loss of generality,
we may demand that(
α¯ + γ¯ +
1
2
)
g′′′
g′3
−
(
α¯2 + γ¯2 − 2α¯γ¯ + 3α¯+ 3γ¯ + 4αγ + 5
4
)
g′′2
g′4
= 0. (23)
Then Eq. (22) reduces to
d2φ
dg2
+
2
~2
(E − U)φ = 0, (24)
which is indeed in a form free from any variable mass dependent term. From equation (24),
we infer that if we provide an exactly solvable potential, U(g), with eigenvalues En, n =
0, 1, 2, 3, ... and associated normalized eigenfunctions φn(g), we can solve the equivalent
position dependent mass system (16) and obtain the eigenfunctions, namely
ψn(x) = m
1
4φn(g(x)), n = 0, 1, 2, 3, ... (25)
with same energy eigenvalues En, subject to the condition that ψn’s, n = 0, 1, 2, 3, ..., satisfy
all the admissibility and boundary conditions. The eigenfunctions (25) can be normalized
as follows,
〈ψn|ψn〉 =
∫ ∞
−∞
m1/2φ∗n(g)φn(g)dx
=
∫ ∞
−∞
φ∗n(g)φn(g)dg = 1, (26)
where g′ =
√
m(x).
To solve Eq. (23), one can consider two possibilities:
10
1. g(x) and so the mass function m(x) =
(
dg
dx
)2
= g′2 is arbitrary, while the ordering
parameters get fixed.
2. Ordering parameters are arbitrary, while the form of g(x) and so m(x) get fixed.
We consider both the cases separately.
A. Case (i) Arbitrary mass functions
In this case, the coefficients in (23) must vanish separately for arbitrary mass functions,
α¯ + γ¯ +
1
2
= 0,
and
α¯2 + γ¯2 − 2α¯γ¯ + 3α¯ + 3γ¯ + 4αγ + 5
4
= 0. (27)
Using the condition αi + βi + γi = −1 in the first equation of (27), we obtain
β¯ = −1
2
. (28)
On solving the remaining equation in (27), we obtain
γ2 = (γ¯)2 and α2 = (α¯)2, (29)
which fix
β2 = (β¯)2. (30)
This means that the variances in the parameters are zero. It results that all γi’s are the
same and so also αi’s and βi’s, where i = 1, 2, 3, ...N . Hence we can consider
αi = α, βi = β and γi = γ, i = 1, 2, 3, ...N. (31)
On implementing the result (31) in Eqs. (27) and (28), we can obtain the conditions
α = −1
2
− γ and β = −1
2
. (32)
With this choice the Hermitian Hamiltonian (16) takes the form
Hˆher =
1
2
pˆ
1
m
pˆ+
~
2
8m
[
m′′
m
− 7
4
(
m′
m
)2]
, (33)
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which can also be re-written as
Hˆher =
1
2
m−
1
4 pˆm−
1
2 pˆm−
1
4 + V (x). (34)
From (25), we get the eigenfunctions of the system (34),
ψn(x) = m
1/4φn(g(x)), n = 0, 1, 2, 3, ...,
which do not include ordering parameters. Hence we can conclude that the PDM Hamilto-
nians take only one particular form (34) for the arbitrary mass functions when the ordering
is restricted to be Hermitian17.
B. Case (ii) Arbitrary ordering parameters
Here we consider that the ordering parameters can be arbitrary, so that either α¯+γ¯+ 1
2
6= 0
or α¯2 + γ¯2 − 2α¯γ¯ + 3α¯ + 3γ¯ + 4αγ + 5
4
6= 0 or both are non-zero.
In this case, we try to solve (23) generally by considering the general case, α¯+ γ¯ + 1
2
6= 0
and α¯2 + γ¯2 − 2α¯γ¯ + 3α¯+ 3γ¯ + 4αγ + 5
4
6= 0. To do so we consider the transformation
x = F (g) ≡
∫
u(g)dg or
dg
dx
=
1
u(g)
, (35)
where the function u(g) is to be determined. Then the above equation (23) becomes(
α¯ + γ¯ +
1
2
)
u¨
u
+
(
α¯2 + γ¯2 − 2α¯γ¯ + 4αγ − 1
4
)
u˙2
u2
= 0,
(36)
where (.) =
d
dg
.
The second-order nonlinear differential equation (36) can be transformed into a first-order
equation through a further transformation, − u˙
u
= θ(g):
(
α¯ + γ¯ +
1
2
)
θ˙ −
(
α¯2 + γ¯2 − 2α¯γ¯ + α¯ + γ¯ + 4αγ + 1
4
)
θ2 = 0, (37)
which is obviously a Bernoulli equation that can be transformed to a linear first-order dif-
ferential equation with θ =
1
w
as
w˙ = c1,
(
α¯2 + γ¯2 − 2α¯γ¯ + α¯ + γ¯ + 4αγ + 1
4
)(
α¯ + γ¯ + 1
2
) = c1. (38)
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Note that c1 is an arbitrary parameter.
By solving the resultant equation (38), one can obtain
w(g) = c1g + c2, (39)
where c2 is an integration constant. Consequently we use the result (39) in the above
transformations and obtain
θ =
1
w
=
1
c1g + c2
=
s
g + c1c2
⇒ u(g) = c3 exp
(
−
∫
θ(g)dg
)
=
c3
(g + C1)
s , (40)
where s =
1
c1
, C1 =
c2
c1
and c3 is a constant of integration. Consequently we have
g′ =
dg
dx
=
1
u(g)
= C2 (g + C1)
s , (41)
where C2 =
1
c3
.
While solving (24), the function g′(x) = C2 (g + C1)
s is fixed and so
g(x) =


C3 exp (C2x)− C1, if s = 1
[(1− s) (C2x+ C3)]
1
1− s − C1, if s 6= 1,
(42)
where C3 is a constant of integration. Since from (20) m(x) = g
′2(x), the expressions (42)
for g(x) explicitly fix the mass function as
m(x) =


C23 C
2
2 exp (2C2x), if s = 1
C22 [(1− s) (C2x+ C3)]
2s
1− s , if s 6= 1.
(43)
Now we can redefine the constants and express the allowed g(x) as
g(x) =

 µ1 e
µ2x − µ3,
(ν1x+ ν2)
c − µ3, −∞ < c <∞,
(44)
where µ1 = C3, µ2 = C2, µ3 = C1, ν1 = (1 − s)C2, ν2 = (1 − s)C1, c = 1
1− s . The
corresponding mass functions are given by
m(x) =

 a1 e
a2x,
(b1x+ b2)
C , −∞ < C <∞,
(45)
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where a1 = C
2
3C
2
2 , a2 = 2C2, and b1 = (1 − s) C
1
s
2 , b2 = (1 − s) C
1−s
s
2 C3, and C =
2s
1− s .
Every specific value of C yields a particular mass profile (45). Since C can take infinite set
of values, Eq. (45) corresponds to an infinite set of position dependent mass forms. It is
to be noted that the corresponding kinetic energy operator (16) has 2N parameters which
are arbitrary. The method shows that any constant mass exactly solvable potential can be
transformed to a class of exactly solvable position dependent mass potentials corresponding
to each mass function (45) without worrying about a particular ordering of Hamiltonian of
the quantum system, subject to appropriate boundary conditions being satisfied.
Hence, one can solve the position dependent mass system (16) for the choice of m(x)
given by (45) and obtain the eigenfunctions (25), namely
ψn(x) = m
1
4φn(g(x)), n = 0, 1, 2, 3, ... (46)
with the same energy eigenvalues En for arbitrary ordering parameters.
Here we conclude that the above class of mass functions (45) removes the ordering am-
biguity in the associated position dependent mass systems (16).
C. Continuity condition of the eigenfunction (25)
In the above two cases (i) and (ii), m(x) can be singular for example when C < 0 in Eq.
(45). Hence one has to determine suitable continuity conditions for the wavefunction. The
Hermitian Hamiltonian (16) is consistent with the continuity equation of standard form of
position dependent mass system with probability current density,
j =
~
2i
[
ψ∗
1
m
∂
∂x
ψ − ψ 1
m
∂
∂x
ψ∗
]
. (47)
Consider the case where mass function m(x) has a discontinuity at x = 0, as an example.
Then we have to find out the matching conditions, that is how ψ and
∂ψ
∂x
at x = 0− are
related to their values at x = 0+, where the indices − and + denote, respectively, the left
and right-hand sides of the mass discontinuity point in x25,29. Starting with the constant
mass Schro¨dinger equation (24)
d2φ
dg2
+
2
~2
(E − U)φ = 0,
and substituting the solution (25)
φn(g(x)) = m
−1/4ψn(x), (48)
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and also the transformation g′ =
√
m(x), we obtain
d
dx
(
1
m
dψ
dx
)
−
(
m′′
4m′2
− 7
16
m′2
m4
)
ψ +
2
~2
(E − V )ψ = 0. (49)
For the continuous potential U(g(x)) of Eq. (24), φ(g) and
dφ
dg
should be continuous. Then
Eq. (49) must also be continuous for the same potential V (x) ≡ U(g(x)). One can ob-
serve that Eq. (49) is nothing but the time-independent Schro¨dinger for the Hermitian
Hamiltonian (34),
Hˆher =
1
2
m−
1
4 pˆm−
1
2 pˆm−
1
4 + V (x).
For this Hamiltonian, from the continuity of φn(g(x))
′s, using (48) we can write the conti-
nuity conditions for ψ′ns as
(i) (m−1/4ψ)− = (m
−1/4ψ)+,
(ii)
(
m−3/4
dψ
dx
)
−
=
(
m−3/4
dψ
dx
)
+
. (50)
Note that a similar condition was used in the case of von Roos ordering for α = β in Ref.25.
IV. SOLVABILITY OF NON-HERMITIAN HAMILTONIAN
As we have pointed out in Sec. II the non-Hermitian Hamiltonian for a one-dimensional
potential V (x), as deduced from Eq. (3), is
Hˆnon =
1
2
pˆ
1
m
pˆ+ (γ¯ − α¯) i~
2
d
dx
(
1
m
)
pˆ +
~
2
2
[
γ¯
d2
dx2
(
1
m
)
+ αγ
(
d
dx
(
1
m
))2
m
]
+ V (x).
(51)
It can be related to the Hermitian Hamiltonian (16) through the transformation (9),
Hˆnon = m
−ηHˆherm
η, η =
γ¯ − α¯
2
. (52)
Hence the solution of the associated one-dimensional time-independent Schro¨dinger equation
of the Hamiltoninan (52), namely
−~2
2m
[
ψ˜′′ + (γ¯ − α¯− 1)m
′
m
ψ˜′ +
(
γ¯
m′′
m
− (αγ + 2γ¯)× m
′2
m2
)
ψ˜
]
+ V (x)ψ˜ = Eψ˜, ′ =
d
dx
,
(53)
15
can be obtained using the relation,
ψ˜n = m
−ηψn(x) = m
α¯−γ¯
2 ψn(x), where η =
γ¯ − α¯
2
, (54)
for the same energy eigenvalue En of the Hermitian Hamiltonian (16), that is Hˆherψn =
Enψn. On substituting the solution of Hermitian Hamiltonian (25) in (54), we can explicitly
express the eigenfunctions of the non-Hermitian Hamiltonian as
ψ˜n(x) = m
1
2
(α¯−γ¯+ 1
2
)φn(g(x)), n = 0, 1, 2, 3, ..., (55)
which includes the ordering parameters. Here, φn(g(x)) are the normalized eigenfunctions
of the constant mass Schro¨dinger equation (24). The eigenfunctions (55) may be singular
when the mass function m(x) is singular for some values of ordering parameters. It can be
avoided by considering, α¯ − γ¯ − 3
2
< 0. Different choices of ordering parameters result in
different effective potentials, which can be identified from (5), whose eigenfunctions (55) are
also different but the energy eigenvalues are the same. Such potentials are also known as
iso-spectral potentials.
Now we discuss the results with the two cases, that is (i) m(x) is arbitrary and (ii) the
ordering parameters are arbitrary.
Case (i) In this case, we keep the mass function as arbitrary which fixes the coefficients
in (23) as
α = −1
2
− γ and β = −1
2
,
which can be obtained from Eqs. (27), (28) and (31).
With this choice the kinetic energy operator (1) takes the form
Tˆ =
1
2
m−
1
2
−γ pˆm−
1
2 pˆmγ . (56)
It fixes the one dimensional non-Hermitian Hamiltonian (Hˆnon) to be of the form
Hˆnon =
1
2
m−
1
2
−γ pˆm−
1
2 pˆmγ + V (x). (57)
Here we infer that the PDM Hamiltonian reduces to one-parameter Hamiltonian (57) for
arbitrary form of mass functions when the ordering is considered to be non-Hermitian.
The eigenfunctions of the system (57) can be obtained from (55) as
ψ˜n(x) = m
−γφn(g(x)), n = 0, 1, 2, 3, .... (58)
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Case (ii) Keeping 2N ordering parameters as arbitrary in (23) yields the relation (41),
g′ = C2 (g + C1)
s, which fixes g(x) as in (42) or (44) and m(x) as given by (45). For this
case the solutions are obtained in (55). Hence, for the mass function (45), the general
non-Hermitian Hamiltonian (51) can be solved for any choice of ordering parameters.
A. Normalization and continuity conditions of (55)
In the case of non-Hermitian ordering, α¯ 6= γ¯, we also obtain real energy eigenvalues. The
standard inner product definition, that is 〈ψ˜m|Hnonψ˜n〉 = 〈ψ˜m|H†nonψ˜n〉, has to be modified
to prove the reality of the energy eigenvalues of the non-Hermitian Hamiltonian30. Here
〈ψ˜m| is not dual to |ψ˜m〉 since the associated Hamiltonian Hˆnon is not Hermitian. We first
find out the correspondence between Hˆnon and its conjugation Hˆ
†
non. Now we consider the
relation (9),
Hˆher = m
ηHˆnonm
−η, (59)
and its associated Hermitian conjugation,
Hˆ†her = m
−ηHˆ†nonm
η. (60)
Since Hˆher = Hˆ
†
her, equating the above equations (59) and (60) yields a relation,
Hˆ†non = m
2ηHˆnonm
−2η, η =
γ¯ − α¯
2
. (61)
It can be expanded as
Hˆ†non =
1
2
pˆ
1
m
pˆ− (γ¯ − α¯) i~
2
d
dx
(
1
m
)
.pˆ+
~
2
2
[
α¯
d2
dx2
(
1
m
)
+ αγ
(
d
dx
(
1
m
))2
m
]
+ V. (62)
It is instructive to compare the corresponding form of Hˆnon given in Eq. (51). The eigenstates
of Hˆ†non can be found out from the expressions (55) and (61) as
φ˜n = m
2ηψ˜n. (63)
We can now show that indeed |φ˜m〉 is dual to 〈ψ˜m|.
To prove that 〈φ˜m| is dual to |ψ˜m〉 rather than 〈ψ˜m|, we first represent the one dimensional
time-independent Schro¨dinger equation (51) in terms of Dirac’s notation as
Hˆnon|ψ˜n〉 = En|ψ˜n〉,
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and the inner product as
〈φ˜n|Hˆnon|ψ˜n〉 = En〈φ˜n|ψ˜n〉. (64)
The adjoint of (64) is
〈ψ˜n|Hˆ†non|φ˜n〉 = En〈ψ˜n|φ˜n〉, (65)
On substituting (61) in (65), we can obtain
〈ψ˜n|m2ηHˆnonm−2η|φ˜n〉 = En〈ψ˜n|φ˜n〉, (66)
Using (63) in (65), we can transform it to
〈φ˜n|Hˆnon|ψ˜n〉 = En〈ψ˜n|φ˜n〉. (67)
On equating (65) with (67), we can obtain the relation,
〈φ˜n|Hˆnon|ψ˜n〉 = 〈ψ˜n|Hˆ†non|φ˜n〉, (68)
which in turn proves the reality of the energy spectrum of the non-Hermitian Hamiltonian.
Similarly from Eqs. (64) and (67),
〈ψ˜n|φ˜n〉 = 〈φ˜n|ψ˜n〉. (69)
Hence it is confirmed that 〈φ˜n| is dual to |ψ˜n〉.
Now we evaluate 〈φ˜n|ψ˜n〉,
〈φ˜n|ψ˜n〉 =
∫ ∞
−∞
φ˜∗n(x)ψ˜ndx
=
∫ ∞
−∞
m2ηψ˜∗n(x)ψ˜ndx, from (63)
=
∫ ∞
−∞
m2ηm−2η+
1
2φ∗n(g(x))φn(g(x))dx, from (55)
=
∫ ∞
−∞
φ∗n(g(x))φn(g(x))dg, where g
′ =
√
m(x),
= 1. (70)
Hence ψn is normalized with respect to m
2η (let it be ρ). So the inner product can be
represented as follows:
〈φ˜n|ψ˜n〉 = 〈ψ˜n|m2ηψ˜n〉 = 〈ψ˜n|ψ˜n〉ρ. (71)
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To derive the continuity condition for the wavefunction ψ˜ of Hˆnon, we first evaluate
φ˜∗Hˆnonψ˜ from (51) as
− ~
2
2
φ˜∗
d
dx
1
m
dψ˜
dx
+ (γ¯ − α¯)~
2
2
d
dx
(
1
m
)
φ˜∗
dψ
dx
+
~
2
2
[
γ¯
d2
dx2
(
1
m
)
+ αγ
(
d
dx
(
1
m
))2
m
]
×φ˜∗ψ˜ + V (x)φ˜∗ψ˜ = Eφ˜∗ψ˜,(72)
and also ψ˜Hˆ†nonφ˜
∗,
− ~
2
2
ψ˜
d
dx
1
m
dφ˜∗
dx
− (γ¯ − α¯)~
2
2
d
dx
(
1
m
)
ψ˜
dφ˜∗
dx
+
~
2
2
[
α¯
d2
dx2
(
1
m
)
+ αγ
(
d
dx
(
1
m
))2
m
]
×ψ˜φ˜∗ + V (x)ψ˜φ˜∗ = Eψ˜φ˜∗.(73)
On subtracting (73) from (72), we can write
d
dx
(j) = 0, (74)
where
j =
~
2i
[
1
m
(
φ∗
dψ
dx
− ψdφ
∗
dx
)
− (γ¯ − α) d
dx
(
1
m
)
φ∗ψ
]
. (75)
Hence Eq. (74) is nothing but the continuity equation for the stationary state ψ˜ of Hˆnon
and j can be interpretated as the current density. To do so, we substitute φ˜ = m2ηψ˜ (vide
(63)), where η = γ¯−α¯
2
, in Eq. (75) and obtain
j =
~
2i
m2η
[
1
m
(
ψ∗
dψ
dx
− ψdψ
∗
dx
)]
. (76)
Now we integrate the probability flux j over all space∫ ∞
−∞
jdx =
∫ ∞
−∞
m2η
[
ψ˜∗
1
m
pˆψ˜ + ψ˜
(
1
m
pˆψ˜∗
)]
dx
= 〈ψ˜| 1
m
pˆψ〉ρ + 〈 1
m
pˆψ˜|ψ〉ρ ≡ 〈 1
m
pˆ〉. (77)
This is consistent with the definition of current density of constant mass eigenfunction
φ(g(x))31.
V. GENERAL LIE´NARD TYPE NONLINEAR OSCILLATORS AND THEIR
QUANTIZATION
In this section, we illustrate the method by considering the quadratic Lie´nard type non-
linear system described classically by the equation of motion,
x¨+ f(x)x˙2 + h(x) = 0, (78)
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where f(x) and h(x) are arbitrary functions. The corresponding Hamiltonian reads12,22 as
H =
p2
2m(x)
+ V (x), (79)
where the mass, m(x) = e2
∫ x f(x′)dx′ and the momentum, p = m(x)x˙. The potential, V (x)
is of the form
V =
∫ x
m(x′)h(x′)dx′. (80)
Recently, the above nonlinear ordinary differential equation (78) has been investigated
for its Lie point symmetry properties22. The general form of Eq. (78) has been classified
based on the fact whether the equation admits one, two, three or eight parameter Lie
point symmetry groups. The general form of (78) which admits maximal eight parameter
symmetry group, and is also linearizable through local transformations, is of the form
x¨+ f(x)x˙2 + 2λ1e
−
∫ x f(x′)dx′
∫ x
e−
∫ x′ f(x′′)dx′′dx′ + 2λ2e
−
∫ x f(x′)dx′ = 0, (81)
where λ1 and λ2 are constants. One can show that the corresponding Hamiltonian
32 is
H1 =
p2
2
e−2
∫ x f(x′)dx′ + λ1
(∫ x
e
∫ x′ f(x′′)dx′′dx′
)2
+ 2λ2
∫ x
e
∫ x′ f(x′′)dx′′dx′. (82)
On the other hand the particular form of (78), namely
x¨+ f(x)x˙2 − λ3
2
e−
∫ x f(x′)dx′
(∫ x
e
∫ x′ f(x′′)dx′′dx′
)−3
+ 2λ1e
−
∫ x f(x′)dx′
∫ x
e
∫ x′ f(x′′)dx′′dx′ = 0,
(83)
is integrable but linearizable through nonlocal transformations, corresponding to three pa-
rameter symmetry groups22. The corresponding Hamiltonian32 is
H2 =
p2
2
e−2
∫ x f(x′)dx′ +
λ3
4
(∫ x
e
∫ x′ f(x′′)dx′′dx′
)−2
+ λ1
(∫ x
e
∫ x′ f(x′′)dx′′dx′
)2
. (84)
It has been also shown that the systems (81) and (83) represent the isochoronous oscillations
if the relevant functions of (78) satisfy the conditions22,
(i) h′ + fh = 2λ1,
(
′ =
d
dx
)
, (85)
(ii) h′ + fh = 2λ1 +
3
2
λ3
(∫ x
e
∫ x′ f(x′′)dx′′dt
)−4
, (86)
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respectively.
The above relations on using (80) yield two different potentials, namely
(i) V1(x) ≡ U1(g) = λ1g2(x) + 2λ2g(x), (87)
(ii) V2(x) ≡ U2(g) = λ3
4 g2(x)
+ λ1g
2(x), (88)
where g(x) =
∫ x√
m(x′)dx′ and m(x) = e2
∫ x f(x′)dx′ , corresponding to the above Hamilto-
nians H1 and H2 respectively (see Eqs. (82) and (84)).
We solve the corresponding position dependent mass Hamiltonians for the above two
potentials based on the method discussed above.
A. Case 1 Potential V1(x)
The potential
V1(x) ≡ U1(g) = λ1g2(x) + 2λ2g(x), (87)
is in the form of a linear harmonic oscillator potential. For this potential, we consider both
Hermitian and non-Hermitian ordered forms of quantum Hamiltonian corresponding to its
classical counterpart (82) and implement the above procedure for these two cases.
1. (a) Hermitian ordering
The corresponding one-dimensional Hermitian Hamiltonian (16) for the potential V1(x)
is
Hˆher =
1
2
pˆ
1
m
pˆ+
~
2
2
[(
α¯ + γ¯
2
)
d2
dx2
(
1
m
)
+
(
αγ
1
4
(γ¯ − α¯)2
)(
d
dx
(
1
m
))2
m
]
+ V1(x),
(89)
where V1(x) ≡ U1(g(x)) is as given in Eq. (87). The associated time-independent
Schro¨dinger equation is
−~2
2m
[
ψ′′ − m
′
m
ψ′ +
((
α¯+ γ¯
2
)
m′′
m
−
(
αγ + γ¯ + α¯ +
1
4
(γ¯ − α¯)2
)
m′2
m2
)]
ψ
+(λ1g
2(x) + 2λ2g(x))ψ = Eψ. (90)
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Here the prime stands for differentiation with respect to g(x). By implementing the pro-
cedure discussed earlier, we can transform Eq. (90) for the potential V1(x) to the constant
mass Schro¨dinger equation (24). To prove this, we first introduce the PCT (18) along with
(20) for d = 1
4
which reduces Eq. (90) to an equation for φ(g) as
d2φ
dg2
+
[(
α¯ + γ¯ +
1
2
)
g′′′
g′3
−
(
α¯2 + γ¯2 − 2α¯γ¯ + 3α¯ + 3γ¯ + 4αγ + 5
4
)
g′′2
g′4
+
2
~2
(E − λ1g2(x)− 2λ2g(x))
]
φ = 0. (91)
We then remove the terms involving the derivatives of g through two ways by treating either
mass or ordering parameters as arbitrary as discussed in the previous sections and obtain
d2φ
dg2
+
2
~2
(E − λ1g2(x)− 2λ2g(x))φ = 0. (92)
An asymptotic analysis of (92) as g →∞ suggests the transformation
φ(g) = exp
[
− 1
~
√
2 λ1
(
λ1 g
2 + 2λ2 g
)]
χ(g), (93)
which leads to the equation
d2χ
dg2
− 2
√
2
~
√
λ1
(λ1g + λ2)
dχ
dg
+
[
2E
~2
+
2λ22
~2λ1
−
√
2λ1
~
]
χ = 0. (94)
Now introducing the transformation,
τ =
(√
2λ1
~
)1/2(
g +
λ2
λ1
)
, (95)
which reduces (94) to the form of the Hermite differential equation,
d2χ
dτ 2
− 2τ dχ
dτ
+
~√
2λ1
(
2E
~2
+
2λ22
~2λ1
−
√
2λ1
~
)
χ = 0, (96)
provided
~√
2λ1
(
2En
~2
+
2λ22
~2λ1
−
√
2λ1
~
)
= 2n, n = 0, 1, 2, 3, .... Hence, we can obtain the
energy eigenvalues and eigenfunctions of (89) as
En = (2n+ 1)~
√
λ1
2
− λ
2
2
λ1
, (97)
ψn(x) = Nn exp
[
− 1
~
√
2λ1
(
λ1 g
2 + 2λ2 g
)]
m
1
4 (x)×Hn
[(√
2λ1
~
)1/2(
g +
λ2
λ1
)]
,
g(x) =
∫ x√
m(x′)dx′, (98)
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where Hn(y), n = 0, 1, 2, 3, ..., are Hermite polynomials
33.
The normalization constant Nn can be obtained using the normalization condition as
follows:
1 = 〈ψn|ψn〉
= N2n
∫ ∞
−∞
exp
[
−
√
2
~
√
λ1
(
λ1 g
2 + 2λ2 g
)]
m
1
2 (x)
(
Hn
[(√
2λ1
~
)1/2(
g +
λ2
λ1
)])2
dx.
(99)
Since g′ =
√
m(x), from Eq. (99), we obtain
1 = N2n
∫ ∞
−∞
exp
[
−
√
2
~
√
λ1
(
λ1 g
2 + 2λ2 g
)](
Hn
[(√
2λ1
~
)1/2(
g +
λ2
λ1
)])2
dg, (100)
which reduces to
1 = N2n
√
~
(2λ1)1/4
exp
(√
2
λ1
λ22
~λ1
)∫ ∞
−∞
e−τ
2
Hn(τ)Hn(τ)dτ, (101)
by applying the transformation (95). Since
∫ ∞
−∞
e−τ
2
Hn(τ)Hn(τ)dτ = 2
nn!
√
pi33, from Eq.
(101) we can obtain the normalization constant as
Nn =

exp
(
− λ22
~ λ1
√
2
λ1
)
(2λ1)
1
4
√
~pi2nn!


1
2
. (102)
Now we analyse the results for the two cases, that is (i) mass (m(x)) is arbitrary and (ii)
the ordering parameters αi, βi, γi, i = 1, 2, 3, ...N are arbitrary, separately.
Sub-case (i) m(x) as arbitrary
As discussed in the section IIIA, when mass function is considered to be arbitrary, only
one Hermitian ordering given by (34) or (89) is possible.
Following the analysis given above, we can conclude that the position dependent mass
counterparts of U1(g) corresponding to arbitrary mass functions are exactly solvable if the
associated Hamiltonians are ordered as in (89). The solutions (98) can be explicitly expressed
as
En = (2n+ 1)~
√
λ1
2
− λ
2
2
λ1
,
ψn(x) = Nnm
1
4 (x) exp
[
−1
~
√
λ1
2
(∫ x√
m(x′)dx′
)2
− λ2
~
√
2
λ1
∫ x√
m(x′)dx′
]
×Hn
[(√
2λ1
~
)1/2(∫ x√
m(x′)dx′ +
λ2
λ1
)]
, (103)
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where Nn are the normalization constants obtained in (102).
Sub-case (ii) ordering parameters as arbitrary
As discussed in III B, when the ordering parameters are considered to be arbitrary, the
functions g(x) and m(x) are explicitly fixed to be (42) and (45), respectively. Correspond-
ingly the potential V1(x) (87) takes particular forms
V1(x) =


λ1µ
2
1e
2µ2x + 2(λ2 − λ1µ3)µ1eµ2x + λ1µ23 − 2λ2µ3, (104a)
λ1 (ν1x+ ν2)
2c + 2(λ2 − λ1µ3)(ν1x+ ν2)c + λ1µ23 − 2λ2µ3, −∞ < c <∞, (104b)
where µ1, µ2, µ3, ν1, ν2 and c are arbitrary parameters. The above class of position de-
pendent mass potentials which are also counterparts to U1(g), are explicitly solvable for
arbitrary choices of ordering parameters, αi, βi, γi, i = 1, 2, 3, ...N . The associated Hermi-
tian ordered form of Hamiltonian (16) of the potentials (104) admit eigenfunctions (vide
(98)), respectively, as
ψn(x) =


Nn exp
[
− 1
~
√
2λ1
(
λ1µ
2
1 e
2µ2x + 2(λ2 − λ1µ3) µ1 eµ2x + λ1µ23 − 2λ2µ3
)]
a
1/4
1 e
a2x/2
×Hn
[(√
2λ1
~
)1/2(
µ1e
µ2x − µ3 + λ2
λ1
)]
, (105a)
Nn exp
[
λ1 (ν1x+ ν2)
2c + 2(λ2 − λ1µ3) (ν1x+ ν2)c + λ1µ23 − 2λ2µ3
]
(b1x+ b2)
C
4
×Hn
[(√
2λ1
~
)1/2(
(ν1x+ ν2)
c − µ3 + λ2
λ1
)]
,−∞ < c <∞, (105b)
where Nn, n = 0, 1, 2, 3, ... are the normalization constants obtained in (102), for the energy
eigenvalues En (97). The parameters µ1, µ2, µ3, ν1, ν2, c and C are defined in Eqs. (44)
and (45).
2. (b) Non-Hermitian ordering
Similarly while considering the non-Hermitian Hamiltonian (51) for the one-dimensional
potential V1(x),
Hˆnon =
1
2
pˆ
1
m
pˆ+ (γ¯ − α¯) i~
2
d
dx
(
1
m
)
pˆ+
~
2
2
[
γ¯
d2
dx2
(
1
m
)
+ αγ
(
d
dx
(
1
m
))2
m
]
+ V1(x),
(106)
it can be related with the Hermitian Hamiltonian (89) through the transformation (9).
Hence, from the solutions (98) of the Hermitian Hamiltonian, we can obtain the eigen-
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functions of the non-Hermitian Hamiltonian (106) along with the energy eigenvalues,
En = (2n+ 1)~
√
λ1
2
− λ
2
2
λ1
, as
ψ˜n(x) = Nn exp
[
− 1
~
√
2λ1
(
λ1 g
2 + 2λ2 g
)]
m
1
2
(α¯−γ¯+ 1
2
)Hn
[(√
2λ1
~
)1/2(
g +
λ2
λ1
)]
.(107)
Now we analyze the results for the two cases, that is (i) mass (m(x)) is arbitrary and (ii)
the ordering parameters αi, βi, γi, i = 1, 2, 3, ...N are arbitrary.
Sub-case (i) m(x) as arbitrary
In this case the 2N ordering parameters of the non-Hermitian Hamiltonian (51) get
reduced to one parameter (γ) corresponding to the Hamiltonian for the potential V1(x),
that is
Hˆnon =
1
2
m−
1
2
−γ pˆm−
1
2 pˆmγ + V1(x), (108)
which can be re-expressed as
Hˆnon =
1
2
pˆ
1
m
pˆ+ i~
(
γ +
1
4
)
d
dx
(
1
m
)
pˆ+
~
2
2
[
γ
d2
dx2
(
1
m
)
− γ
(
γ +
1
2
)(
d
dx
(
1
m
))2
m
]
+ V1(x).
(109)
From (107), the solutions for the system (109) can be obtained as
En = (2n+ 1)~
√
λ1
2
− λ
2
2
λ1
,
ψ˜n(x) = Nn exp
[
−1
~
√
λ1
2
(∫ x√
m(x′)dx′
)2
− λ2
~
√
2
λ1
∫ x√
m(x′)dx′
]
m−γ(x)
×Hn
[(√
2λ1
~
)1/2(∫ x√
m(x′)dx′ +
λ2
λ1
)]
,
where Nn are the normalization constants obtained in (102).
Sub-case (ii) ordering parameters as arbitrary
As discussed earlier in the Hermitian ordering, the functions g(x) and m(x) take specific
forms (44) and (45) which fix the potential V1(x) to be particular forms (104). The non-
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Hermitian Hamiltonian for the two classes of potentials (104) are
Hˆnon =
1
2
pˆ
1
m
pˆ+ (γ¯ − α¯) i~
2
d
dx
(
1
m
)
pˆ+
~
2
2
[
γ¯
d2
dx2
(
1
m
)
+ αγ
(
d
dx
(
1
m
))2
m
]
+ λ1µ
2
3 − 2λ2µ3
+2(λ2 − λ1µ3)µ1 eµ2x + λ1µ21 e(2µ2x), (110)
and
Hˆnon =
1
2
pˆ
1
m
pˆ+ (γ¯ − α¯) i~
2
d
dx
(
1
m
)
pˆ+
~
2
2
[
γ¯
d2
dx2
(
1
m
)
+ αγ
(
d
dx
(
1
m
))2
m
]
+ λ1 (ν1x+ ν2)
2c
+2(λ2 − λ1µ3)(ν1x+ ν2)c + λ1µ23 − 2λ2µ3, −∞ < c <∞. (111)
The corresponding time independent Schro¨dinger equation can be exactly solved and the
solutions can be written using (107) as
ψ˜n(x) =


Nn exp
[
− 1
~
√
2λ1
(
λ1µ
2
1 e
2µ2x + 2(λ2 − λ1µ3) µ1eµ2x + λ1µ23 − 2λ2µ3
)]
a−γ1 e
−γ a2x
×Hn
[(√
2λ1
~
)1/2(
µ1e
µ2x − µ3 + λ2
λ1
)]
, (112a)
Nn exp
[
λ1 (ν1x+ ν2)
2c + 2(λ2 − λ1µ3) (ν1x+ ν2)c + λ1µ23 − 2λ2µ3
]
(b1x+ b2)
−γ C
×Hn
[(√
2λ1
~
)1/2(
(ν1x+ ν2)
c − µ3 + λ2
λ1
)]
, −∞ < c <∞, (112b)
where Nn, n = 0, 1, 2, 3, ... are the normalization constants obtained in (102), for the energy
eigenvalues En (97).
B. Case 2 Potential V2(x)
Now we consider the inverse square form of the potential,
V2(x) ≡ V2(g) = λ3
4 g2(x)
+ λ1g
2(x). (88)
(i) Hermitian ordering
Using the above form of V2(x), the Schro¨dinger equation corresponding to Hermitian
ordered form of Hamiltonian can be written as
−~2
2m
[
ψ′′ − m
′
m
ψ′ +
((
α¯+ γ¯
2
)
m′′
m
−
(
αγ + γ¯ + α¯ +
1
4
(γ¯ − α¯)2
)
m′2
m2
)]
ψ
+
(
λ3
4 g2(x)
+ λ1g
2(x)
)
ψ = Eψ. (113)
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Following the same procedure discussed for the potential V1, Eq. (113) can be transformed
to the constant mass equation
d2φ
dg2
+
[
2
~2
(
E − λ3
4 g2(x)
− λ1g2(x)
)]
φ = 0. (114)
This is of the form of an isotonic oscillator34. Hence, the energy eigenvalues and eigenfunc-
tions of the system (88) from (25) read as
En = 2~
√
2λ1
(
n+
l
2
+
3
4
)
, (115)
ψn(x) = ψn,+ = Nn exp
[
−
√
λ1
2 ~2
g2(x)
]
m
1
4gl+1(x)L
l+ 1
2
n
[√
2 λ1
~
g2(x)
]
, 0 < g <∞,
ψn,−(x) = ±ψn,+(−g), −∞ < g < 0, (116)
where the normalization constant Nn reads as
Nn =
[
2
(√
2λ1
~
)l+ 3
2 n!
Γ(n+ l + 3
2
)
] 1
2
. (117)
Here L
l+ 1
2
n (y), n = 0, 1, 2, 3, ... are the associated Laguerre polynomials of degree n and order
l + 1
2
33 and
1
2
√
1 +
2
√
2λ3
~2
− 1
2
= l, where l + 1
2
is an integer.
(ii) Non-Hermitian ordering
Similarly while considering the non-Hermitian Hamiltonian (51) for a one-dimensional
potential V2(x),
Hˆnon =
1
2
pˆ
1
m
pˆ+ (γ¯ − α¯) i~
2
d
dx
(
1
m
)
pˆ+
~
2
2
[
γ¯
d2
dx2
(
1
m
)
+ αγ
(
d
dx
(
1
m
))2
m
]
+ V2(x),
(118)
the energy eigenvalues and eigenfunctions can be obtained from (25) using (9)
En = 2~
√
2λ1
(
n+
l
2
+
3
4
)
, (119)
ψ˜n(x) = ψn,+ = Nn exp
[
−
√
λ1
2 ~2
g2(x)
]
m
1
2
(α¯−γ¯+ 1
2
)gl+1(x)L
l+ 1
2
n
[√
2 λ1
~
g2(x)
]
, 0 < g <∞,
ψ˜n,−(x) = ±ψ˜n,+(−g), −∞ < g < 0, (120)
where the normalization constant, Nn, obtained in (117).
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Then as in the case of the potential V1(x), we can consider the two subcases, namely
(i) m(x) arbitrary and (ii) ordering parameters arbitrary, using the appropriate forms of
g(x) and m(x). We do not present them explicitly here as their forms are obvious from the
previous discussion.
VI. CONCLUSION
We have considered a general Hermitian ordered form of kinetic energy operator corre-
sponding to a quantum particle with PDM. Using point canonical transformation method the
associated generalized Schro¨dinger equation is transformed to a constant mass Schro¨dinger
equation endowed with a generalized potential considered to be exactly solvable and so the
solutions of the PDM systems can be obtained. Hence, we have obtained a class of exactly
solvable position-dependent mass counterparts to each constant mass potential. The solu-
tions of PDM systems preserving Hermiticity do not depend on a particular ordering for a
certain class of mass functions. It is also remarkable to state that for certain specific choices
of the mass function, the proposed method of solving removes the ambiguity in the problem
of ordering. We have pointed out the methods of relating the Hermitian counterpart with
its non-Hermitian Hamiltonian and obtained eigenfunctions of the non-Hermitian Hamilto-
nian. They include the ordering parameters and so the ordering ambiguity continues to be
present in the case of non-Hermitian ordering. We illustrated the above results with two
generalized nonlinear oscillators of quadratic Lie´nard type nonlinear differential equations
obtained using Lie point symmetry technique.
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